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Abstract— Consider many particles actuated by a uniform
global external field (e.g. gravitational or magnetic fields). This
paper presents analytical results using workspace obstacles and
global inputs to reshape such a group of particles. Shape control
of many particles is necessary for conveying information,
construction, and navigation. First we show how the particles’
characteristic angle of repose can be used to reshape the
particles by controlling angle of attack and the magnitude
of the driving force. These can then be used to control the
force and torque applied to a rectangular rigid body. Next, we
examine the full set of stable, achievable mean and variance
configurations for the shape of a particle group in two canonical
environments: a square and a circular workspace. Finally, we
show how workspaces with linear boundary layers can be used
to achieve a more rich set of mean and variance configurations.

I. INTRODUCTION

This paper investigates the set of configurations that can be
stably achieved for a large group of particles, all controlled
by the same global force, in a workspace with rigid obstacles.
Shape control of many particles is essential for navigation,
construction, and conveying information. The small size of
the particles makes it hard or even impossible to control
each particle’s position individually. Instead, these particles
are often controlled with a single global control input. This
work analyses interactions between the rigid obstacles and
the particles to control the configuration of the particles.

The paper is arranged as follows. After a review of recent
related work in Sec. II, Sec. III introduces angle of repose,
a parameter of the particle swarm that can be used for
shape control, shown in Fig. 1 bottom. Section IV provides
analytical position control results of stable configurations in
two canonical workspaces with frictionless walls, shown in
Fig. 1 top. These results are limited in the set of shapes that
can be generated. To extend the range of possible shapes,
the section explores using linear boundary friction. Hardware
experiments and results are presented in Sec. V. We end with
directions for future research in Sec. VI.

II. RELATED WORK

Controlling the relative position of many particles is neces-
sary for a range of applications. Therefore, it has been a topic
of research from a control perspective in both centralized and
decentralized approaches.

This paper focuses on centralized approaches that apply
uniform control inputs to all the particles. To change the
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Fig. 1. Reshaping particles by collisions with rigid bodies. Top pictures
illustrate using closed boundaries to reshape the particles. Bottom pictures
illustrate with different particles how varying the the angle of attack modifies
the shape of particles remaining on a rigid object and how modifying the
applied force changes the angle of repose (see video [1]).

relative position of the particles, we need to break the sym-
metry caused by the uniform input. Symmetry can be broken
using particles that respond differently to the uniform control
signal, either through agent-agent reactions [2], or engineered
inhomogeneity [3]–[5]. Some examples of global inputs
include magnetic fields and acoustic radiation forces. The
magnetic gradients of MRI scanners are uniform, meaning
the same force is applied everywhere in the workspace [6].
Similarly, a single acoustic vibration source can be exploited
for simultaneous positioning many particles [7], [8].

This work assumes a uniform control with homogenous
particles, as in [9]–[13], and breaks the control symmetry
using obstacles in the workspace. This problem has been
studied in detail for discretized systems [14]–[29], but this
paper investigates continuous spaces. While in [30] we
showed how to control the mean position and variance
through repeated collisions with the workspace, this paper
focuses on stable configurations using few pushes. In [9]
we showed that single obstacle can be used to rearrange n
particles using an O(n2)-time algorithm. In [31], we gave
algorithms that could adjust the position of n particles in an
environment with walls that have non-slip contacts in O(n2)-
time.

Alternative techniques often rely on non-uniform inputs.
Much recent work in magnet control has focused on exploit-
ing inhomogeneities in the magnetic field to control multiple
micro particles using gradient-based pulling [32], [33]. Using
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Fig. 2. If particles move faster than the (pink) rod, some particles slide
past the rod, but the ones that remain pile up in a shape characterized by
the angle of repose α, which is particular to the particle type.

large-scale external magnetic fields makes it challenging to
independently control more than one microrobot unless the
distance between the electromagnetic coils is at the same
length scales as the robot workspace [34].

Many other shape control techniques rely on agent in-
telligence. These include distributed approaches where each
agent has a map of the desired shape and its position [35],
[36]; agents that do not communicate, but sense local envi-
ronmental cues to determine where to spend more time [37];
or workspace designs that direct or trap agents as in [38].

III. ANGLE OF REPOSE

Consider a swarm of granular particles applying force
to a rod. If the rod moves slower than the particles, some
particles will slide past the rod, but other particles will build
up behind the rod in a characteristic triangular shape defined
by a steepest angle of descent perpendicular to the direction
of particle motion. This piling up is common to all granular
media, and the angle formed perpendicular to the angle of
attack α is the angle of repose1. α is a function of many
variables, including the physical shape and composition of
the particles and the external force applied. Three different
values of angle of repose are shown in Fig. 2. The center
of mass (COM) of the rod is in the middle of the rod, but
the COM of the granular particles changes for different α
values. The α values can be measured experimentally. Four
types of particles with different angles of repose are shown
in Fig. 3(a). Once the angle of repose is known, we can
estimate the force and torque that the particles are applying
to the rod as a function of the rod’s length, the angle of
repose, and orientation of the rod. In this plot, particulate
is moving in the −y direction, and the rods are tilted at
θ = {−45,−22.5, 0, 22.5, 45}◦ with respect to the x-axis.
A thin black line extends upwards from the rod COM, and
the COM of the particulate is shown by a white and black
disk. More particulate is heaped on the right side of the rod
for positive θ and more on the left side for negative θ. This
uneven particulate generates a restoring torque. We define
the angle of repose as α, the rod’s orientation relative to 90◦

from the particle movement vector as θ, and the rod’s length
as `.

1angle of repose is a 3D phenomenon, but this paper only considers the
2D projection of the piled particles.
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Fig. 3. (a) plots colored particulate heaped up on pink-colored long
rods. (b) shows the force applied to the rod and bottom the torque as a
function of θ for four angle of repose values. (c) The maximum torque values
from (3) are shown with black dots, producing a line that is approximately
−`3/36θtmax .

A. Force and Torque

By integrating over the triangular shape, the force in
newtons applied to the rod (when a unit area of particles
produces 1 N of force) is

F (θ, α, `) =

cos θ`/2∫
− cos θ`/2

x

(
min

(̀
sinα± θ
cosα

∓ x tanα

)
−x tan θ

)
dx

F (θ, α, `) =

 `2
(

cos(2θ)−cos(2α)
)

8 cos(α) sin(θ) −α < θ < α

0 otherwise .
(1)

The force for different angle of repose values are shown
in Fig. 3(b), with the rod length ` = 1. Torque will also be
similarly defined as

τ(θ, α, `) =

 `3
(

cos 2α−cos 2θ
)

sin θ

48 sin2(α)
−α < θ < α

0 otherwise .
(2)

Torque is shown in Fig. 3(c) with the rod length ` = 1.
Given sufficient particles to pile up to the angle of repose,



this torque tends to stabilize the object to be perpendicular
to the pushing direction. Force is maximized with θ = 0, but
the θ value that maximizes torque is a function of α and is
defined as

θtmax
=

sin(α)√
3
. (3)

To maximize the torque a particulate swarm applies on a thin
rod, the swarm should move in the direction −θtmax

− 90◦

with respect to the long axis of the rod.

B. Shape Control

Often the angle of the rigid rod is given, but we can choose
the desired approach direction β. This section examines the
possible shapes that can be generated given a rigid rod of
length `, angle of repose α, and approach angle where the
swarm moves at angle β relative to the long axis of the rod.

Computing means, variances, covariance, and correlation
requires integrating over R, the region containing the swarm,
and are calculated as

A =

∫∫
R

dx dy, x̄ =

∫∫
R

x dx dy

A
, ȳ =

∫∫
R

y dx dy

A
, (4)

σ2
x =

∫∫
R

(x− x̄)
2
dx dy

A
, σ2

y =

∫∫
R

(y − ȳ)
2
dx dy

A
, (5)

σxy =

∫∫
R

(x− x̄) (y − ȳ) dx dy

A
, ρxy =

σxy√
σ2
xσ

2
y

. (6)

Using these equations, we can calculate the representa-
tive shape statistics as a function of approach angle β, a
one degree-of-freedom set. For instance, the area A of the
particles is (1) with θ = β + π/2, and the y-variance is

σ2
y(α, β, `) =

1

72

(
cot(2α) +

cos(2β)

cos(2α)

)2

. (7)

Representative results are shown in Fig. 4.

IV. SHAPE CONTROL USING RIGID BOUNDARIES

Shape control using angle of repose only considers the
particles that pile up on the object, but most of the particles
pass by. This section instead focuses on shape control of the
entire group when all the particles are pushed against rigid
boundaries, starting by examining analytically all possible
configurations in two canonical configuration spaces, and
then examining the effect of boundary layer friction.

A. Using boundaries: stable configurations of a swarm

One method to control a swarm’s shape in a bounded
workspace is to simply push in a given direction until the
swarm conforms to the boundary. Like fluid settling in a tank,
the stable final configuration minimizes potential energy by
forming a configuration with a level surface perpendicular
to the push direction. The set of final configurations are
parametrized by a single degree of freedom, the global input
angle β.
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Fig. 4. Each plot shows a statistic of the swarm shape for several angle
of repose α values as a function of the approach angle β with ` = 1. Top
plot shows the mean y coordinate ȳ, middle plot shows x-variance σ2

x, and
bottom plot shows the covariance σxy .

a) Square workspace: We first examine the mean
(x̄, ȳ), covariance (σ2

x, σ
2
y, σxy), and correlation ρxy of a

large swarm of particles as they move inside a unit square
workspace under the influence of a force pulling in the
direction β. The swarm is large, but the particles are small
in comparison, and together occupy a constant area A, A ∈
[0, 1]. Under a global input, the swarm moves to a side of
the workspace and forms a polygonal shape that minimizes
potential energy, as shown in Fig. 5.

The range for the global input angle β is [0,2π). In this
range, the swarm assumes eight different polygonal shapes.
These shapes alternate between triangles and trapezoids
when the area A<1/2, and between squares with one corner
removed and trapezoids when A>1/2.

The Region of integration R is the polygon containing the
swarm. For example, if A < 1/2 and the force angle is β, the
mean when R is a triangular region in the lower-left corner
is:

x̄(A, β) =

∫√2A tan(β)

0

(∫ cot(β)
(√

2A tan(β)−x
)

0 dy

)
x dx

A

=

√
2

3

√
A tan(β), (8)

ȳ(A, β) =

∫√2A tan(β)

0

(∫ cot(β)
(√

2A tan(β)−x
)

0 y dy

)
dx

A

=

√
2

3

√
A cot(β). (9)
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concentric circles. At right is σxy(h), σ2

x(h), and ρxy(h) for a range of β values. See online interactive demonstration at [40].

The set of configurations are summarized in Fig. 5. For
the full equations and demonstration code, see [39]. A
few highlights are that the correlation is maximized when
the swarm is in a triangular shape and equals ±1/2. The
covariance of a triangle is always ±(A/18). Variance is
minimized in the direction of β and maximized orthogonal
to β when the swarm is in a rectangular shape. The range
of mean positions are maximized when A is small.

b) Circular workspace: Though rectangular boundaries
are common in artificial workspaces, biological workspaces
are usually rounded. Similar calculations can be made for
a circular workspace. The workspace is a circle centered at
(0,0) with radius 1 and thus area π. For notational simplicity,
the swarm is parameterized by the global control input signal
β and the fill-level h ∈ [0, 2]. Under a global input, the
particle swarm fills the region under a chord with area

A(h) = arccos(1− h)− (1− h)
√

(2− h)h. (10)

For a circular workspace, the locus of mean positions are
aligned with β and the mean position is at radius r(h) from
the center which is

r(h) =
2(−(h− 2)h)3/2

3
(√
−(h− 2)h(h− 1) + arccos(1− h)

) . (11)

Variance σ2
x(β, h) is maximized at β = π/2 + nπ and h ≈

1.43, while covariance is maximized at β = π3/4 + nπ and

h ≈ 0.92. For small h values, correlation approaches ±1.
Results are displayed in Fig. 6. For the full equations and
demonstration code, see [40].

B. Using boundaries: friction and boundary layers

Global inputs move a swarm uniformly. Shape control
requires breaking this uniform symmetry. A swarm inside
an axis-aligned rectangular workspace can reduce variance
normal to a wall by simply pushing the swarm into the
boundary. If the swarm can flow around each other, pushing
the swarm into a boundary produces the limited set of
configurations presented in Sec. IV-A. Instead of pushing our
particles directly into a wall, the following sections examine
an oblique approach using boundaries that generate friction
with the particles. These frictional forces are sufficient to
break the symmetry caused by uniform inputs. Particles
touching a wall have a friction force that opposes movement
along the boundary. This causes particles along the boundary
to move more slowly than particles in free-space.

Let the control input be a vector force ~F with magnitude F
and orientation θ with respect to a line perpendicular to and
into the nearest boundary. N is the normal or perpendicular
force between the particle and the boundary. The force of
friction Ff is nonzero if the particle is in contact with the
boundary and sin(θ) < 0. The resulting net force on the
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Fig. 7. (a,b) Wall friction reduces the force for going forward Fforward
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reduces to zero at the boundary.

particle, Fforward, is aligned with the wall and given by

Fforward = F sin(θ)− Ff ,

where Ff =

{
µfN, µfN < F sin(θ)

F sin(θ), else
(12)

and N = F cos(θ).

Fig. 7 shows the resultant forces on two particles when one
is touching a wall. Though each receives the same inputs,
they experience different net forces. There are many alternate
models of friction that also break control symmetry. Fig. 7c
shows fluid flow along a boundary. Fluid in the free-flow
region moves uniformly, but flow decreases to zero in the
boundary layer of thickness ` [41]. Force in such a system
can be calculated as

Fforward(y) = F − Ff

{
`−y
` , y < `

0, else
. (13)

C. Maximizing correlation using wall friction

Assume an obstacle-free, bounded, unit-size, square
workspace. As shown in Fig. 5, the maximum correlation
occurs when the swarm is pushed in the direction β = 3π/4.
This correlation as a function of swarm area A is never larger
than 1/2, and the maximum correlation decays to 0 as A
grows to 1. By (6), this maximum correlation is

ρxy =

{
1
2 , 0 ≤ A ≤ 1

2
3A(2(A−2)A+1)

4A3−24A+
√
2(12A−12)

√
1−A+17

− 1, 1
2 ≤ A ≤ 1

.

(14)

If friction obeys the linear boundary layer model of (13) with
boundary layer thickness ` and maximum friction Ff equal
to the maximum applied force F , we can generate larger
correlations. If the swarm size is smaller than A ≈ 0.43
and the boundary layer is sufficiently thick we can generate
correlations larger than 1/2 using boundary friction.

Assume that the swarm is initialized in the lower-left
corner, in a rectangle of width w and height A/w. Such
a rectangular configuration can be accomplished using the
variance controllers from [42]. If the swarm is then com-
manded to move a distance L to the right, components of the
swarm outside the boundary friction layer thickness ` move
further than components near the boundary. The swarm is
contained in a region R composed of no more than three
stacked components: at bottom a parallelogram inclined to
the right top, at middle a rectangle, and at top a parallelogram

inclined to the left top. These regions can be defined by the
rectangle’s left side, bottom, and top (see Fig. 8):

rleft = min (L, 1− w) ,

rbottom = min

(
A

w
, `
rleft

L

)
and

rtop = min

(
A

w
, 1− `rleft

L

)
. (15)

If A
w ≤ rtop the top parallelogram has no area. Similarly, if

rtop ≤ rbottom the rectangle has no area. The mean, variance,
and correlation are calculated using (4), (5), and (6) over the
region R:∫∫

R

f(x, y) dx dy =

∫ rbottom

0

∫ L
` y+w

L
` y

f(x, y) dx dy (16)

+

∫ rtop

rbottom

∫ rleft+w

rleft

f(x, y) dx dy

+

∫ A
w

rtop

∫ rleft+w−
L(y−rtop)

`

−L(y−rtop)
` +rleft

f(x, y) dx dy.

Given an environment parameterized by A and `, efficient
correlation control consists of choosing the w,L pair that
generates the desired positive correlation. Negative correla-
tions can be generated by initializing the swarm in the upper
left, or lower right.

D. Efficient control of correlation ρxy
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immediateFig. 8. Analytical results comparing maximum correlation ρxy . Lines
labeled F use the boundary layer friction model of (16) with four different
boundary layer thicknesses ` and the stable triangular configuration (14).

This section examines maximum correlation values
as a function of w,L using (16) from Section IV-C.
The maximum correlation using boundary layer friction
max
w,L

(ρxy(A, `, w, L)) can be found by gradient descent, as

shown in Fig. 8. For swarms with small area, this method
enables generating the full range of correlations ±1. As
the swarm area A increases above ≈ 0.43, the stable
configuration method is more effective. Thicker boundary
layers ` enable more control of correlation.
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Fig. 9. Experimental data using iron particles, varying angle of attack,
and three tilt angles to vary the force applied by gravity (see video [1]).

V. EXPERIMENTS

This section reviews three demonstrations of efficient
shape control of many particles.

A. Hardware experiment: particle angle of repose

In this section we varied the approach angle to shape a
swarm with a characteristic angle of repose. We then showed
how the angle of repose can be increased by decreasing
the magnitude of the force that moves the particles. The
particles used are iron filings (Dowling Magnets, #731019,
≈ 0.5 mm diameter), and the motive force is gravity as
shown in Fig. 9. The particles were poured into a frame
composed of two sheets of acrylic with 4.5 mm spacing
between. Five 40 mm rods were epoxied between the sheets
at angles {0◦, 15◦, 30◦, 45◦, 60◦}, generating angle of attacks
β = {90◦, 75◦, 60◦, 45◦, 30◦}. The frame was tested at three
tilt angles with respect to horizontal: β = {90◦, 60◦, 45◦},
resulting in {100, 87, 71}% of the gravitational force. For
each test the bottom of the frame was removed to allow
unsupported particles to escape and the shape of the re-
maining particles was measured from photographs taken by
a tripod-mounted camera inclined at the same tilt angle as
the frame. The decreasing tilt angles resulted in increasing
angle of repose values: α = {42◦, 50◦, 63◦}, corresponding
to Fig. 3(a).

B. Hardware experiment: Kilobot angle of repose

We varied the approach angle to shape a swarm of Kilobots
[36] with a characteristic angle of repose. A Kilobot is a
3 cm diameter, low-cost robot. In our experiments, these
robots were programmed to go toward the brightest light
in the room. The experimental setup is shown in Fig. 10
also showing angle of repose of 56 Kilobots with the pink
rod at three angles of attack: 90◦, 67.5◦ and 45◦, generating
three different shapes, as in Fig. 2. The green lines show the
triangle shape the robots pile up into. The cyan star is the
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Fig. 10. Steering Kilobots with lights and characteristic shape formed by
Kilobot angle of repose for three angle of attacks (see video [1]).

center of mass of the rod, and the mean position and variance
of the robots are shown with red stars and red ellipses.

C. Hardware experiment: control of correlation
To demonstrate the correlation control of Sec. IV-D, 34

Kilobots were placed on a workspace with boundary layer
thickness ` ≈ 2 cm and manually steered with lights, using
friction with the boundary walls to vary the covariance from
-4000 to 3000 cm2. The resulting covariance is plotted in
Fig. 11, along with snapshots of the swarm. The system
has an approximately 10 s lag time before the covariance
switches direction.

Nega%ve	  Covariance	   Posi%ve	  Covariance	  

Fig. 11. Hardware demonstration steering 34 Kilobot robots to desired
covariance. The goal covariance is negative in first 100 seconds and is
positive in the next 100 seconds. The measured covariance is shown for
five trials (different line colors). Frames above the plot show output from
machine vision system and overlaid goal and measured covariance ellipses.

VI. CONCLUSION

This paper presented efficient techniques for reshaping
particles using rigid obstacles. Hardware experiments illus-
trated the algorithms in artificial workspaces. Future work
should design workspaces that enable efficient shape re-
configuration, perhaps via molds, and higher-level shape
interaction such as mixing or sorting particles.
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